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Abstract 

This paper introduces a Hopf algebra structure (modelled after matroids) on the 
linear span of the set of packed word with selection-quotient coproduct. Using 
the notion of irreducible element, we prove that WMat is free as an algebra. 

1 Introduction 

In algebraic combinatorics, one often associates algebraic structures with various sets of combinatorial 
objects. Such structures are, for example, Hopf algebras on trees, graphs, tableaux, matroids, words, etc 

A first type of combinatorial Hopf algebra structure is constructed using the selection/quotient principle. 
This means that the comultiplication is of the form: 

A(S) = S[A]®S/ A , (1) 

ACS 
+ C onditions 

where S[A] is a substructure of S and S/a is a quotient. 

Examples of such Hopf algebras are the Connes-Kreimer Hopf algebra of Feynman graphs, underlying the 
combinatorics of perturbative renormalization in quantum field theory [I] or in non-commutative Moyal 
quantum field theory [5], [5] (the interested reader may also refer to [H] for a short review on these 
algebras). For the sake of completeness, let us also mention that similar Hopf algebraic structures have 
been proposed [7], [H] for quantum gravity spin- foam models. 

Matroid theory has been introduced by Whitney in [TJ] . A structure of matroid Hopf algebra is defined 
in [T2], where the product is given by the direct sum operation and the coproduct is given by the 
selection/quotient principle. 

A second type of combinatorial Hopf algebra structure relies on the selection/complemention principle. 
This means that the comultiplication is of the form: 

A(S)= Yl S[A]»[S-A]. (2) 

ACS 
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Examples of such Hopf algebras are the Loday-Ronco Hopf algebra of planar binary trees [5] or the Hopf 
algebra on matrix quasi-symmetric functions MQSym [2]. 

It would thus be interesting to find Hopf algebraic structures on words with a comultiplication not of 
type ©, but of type (P). This is the issue we address in this paper. 

In this article, we introduce a structure Hopf algebraic, that we call WMat, on the set of packed words 
with product given by the shifted concatenation and coproduct given by the selection/quotient principle, 
thus imitating matroid theory Hopf algebra. Each letter Xj can be seen as the infinite column vector with 
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1 at j place and other entries zero. WMat has the zero column as a special element. In graph theory, 
it would correspond to the self-loop. We prove that the new Hopf algebra WMat is a subalgebra of a 
non commutative extension of MQSym. Using the notion of irreducible element, we prove that WMat 
is free as an algebra. We compute the Hilbert coefficients of this Hopf algebra and the Hilbert series. 
The coefficients of the Hilbert series are twice the corresponding Bell numbers. 

Let us mention that we use the term word-matroid for these packed words n which we define this matroid- 
inspired Hopf algebra. 



2 Algebra structure 
2.1 Definitions 

Let X be the {xj}j>o (the alphabet) and X* be the set of words with letters in the alphabet X. A word 
w of length n = \w\ is a mapping i i— > w[i] from [l..|io|] to X. For a letter xi S X, the partial degree \w\ Xi 
is the number of times the letter Xi occurs in the word w. One has: 

w 

\ w \x t = ^2 S w[j],x z ■ (3) 

For a word w G X*, one defines the alphabet Alph(w) as the set of its letters, while LAlph(w) the set of 
indices in Alph(w). 

Alph(w) = { Xl \ \w\ Xi ± 0} ; IAlph{w) = {i e N| \w\ Xi ? 0} . (4) 
The upper bound sup(w) is the supremum of IAlph(w), i. e. 

sup(w) = supm(IAlph(w)) . (5) 

Note that sup(lx*) = 0. 

Let us define the substitution operators. Let w = x% t . .. Xi m and <f> : IAlph(w) — > N, with 0(0) = 0. 
One then has: 

S^X^ ...X im ) = X^) . . . £0(i m ) • (6) 



Let u, v be two words; one defines the shifted concatenation * by 

u * v = uT sup(u) (v) , (7) 

where, for t £ N, T t (w) denotes the image of w by for <f)(n) = n + tiin>0 and (f>(0) = (in general, 
all letters can be reindexed except xo). 

Definition 2.1 Let w £ X* and I = I Alph(w)\{0} be the set of indices of w. Let L = ■ ■ ■ jk} with 
ji < 32 < • " • < jk and define <po as (f>o(J m ) — m and <fio(0) = 0. The pack of word pack(w) is S$ (w). A 
word w £ X* will be said packed iff w = pack(w). 

The operator pack : X* — > X* is idempotent (pack o pack — pack). It defines, by linear extension, a 
projector. Its image, pack(X*), is the set of packed words. 

Definition 2.2 Let k be a field. One defines a vector space TL = span k (pack (X *)) . One can endow this 
space with a product (on the words) given by 



fi-.n^n — > H, 

«®W I — > U * V. 

Remark 1 The product above is similar to the shifted concatenation for permutations (see JB/). More- 
over, let u,v be two words in X* , then sup(u * v) = sup(u) + sup(v). One then has: 
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Proposition 2.3 (T-L,fJ,, lx*) is an associative algebra with unit (AAU). 
Proof. 

Let it, i>, w be three words in %. One then has: 

(it * v) * w = (uT sup(u) (v))T sup ( u * v) (w) = u(T sup(u) (v)(T sup ( u)+sup{v) )(w)) =u*(v*w). (9) 
Thus, is associative. On the other hand, for all u £ pack(X*), one has: 

u * lx« = wT ;5ltp ( tl )(lx«) = wlx* = w , 

lx* * u = (lx')T sup{lx ,)(u) = (l X ')u = u . 

Now remark that pack(lx') — lx-- This is clear from the fact that lx* = In- 
One concludes that (H, fi,lx*) is an AAU. □ 

Remark 2 The product is non-commutative. This can be seen from the following example: x\ * X\X\ ^ 

X\X\ * X\. 

Lemma 2.4 Let u,v be two words. Let La [1 . . . \u\] and J C [\u\ + 1 . . . \u\ + |u|]. One then has 

pack(u * v[I + J]) = pack(u[L]) * pack{v[J']), (10) 
where J' is the set {i — \u\}i e j. 
Proof. 

By direct computation, one has: 

pack(u * v[I + J}) = pack(uT sup{u) (v)[L + J]) = pack(u{L]T sup{u) (v)[J]) . (11) 
One further has sup(u[L]) < sup(u), and this, together with (fTTj) leads to: 

pack(u[I]T sup ( u )(v)[J]) = pack(u[L]T sup ( u[I]) (v[J'])) = pack(u[I]) * pack(v[J']) . (12) 

□ 

In particular, when one takes I = [1 . . . |u|] and J = [\u\ + 1 . . . \u\ + \v\]. The mapping pack 

k <x>^n 

is then a morphism AAU. 

2.2 WMat as a subalgebra of an extension of MQSym 
Definition 2.5 Let the matrix M have the block diagonal form 

(M t \ 

Mi 

M= . . . . , 

\0 •■• M k ) 

with k maximal and Mj is not an empty matrix. One defines the "free basis" of MQSym 

F5 m =MS Mi MSm 2 ...MS A4 . 
Lemma 2.6 (i) For all packed matrices P 7 Q, one has: 

F B pF Bq = FB 



p o\ 

\0 Q 
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(it) (FB P )p, Bpackcdmatnx is a free base o/MQSym. 
Proof. The conclusions follows directly from Definition 12.51 □ 



Definition 2.7 Let k be a field. One defines two mappings: 
1) Let Y — {y,yo} an alphabet. Let 

ir' :X^ k(Y) 

jy ifxeXx 
x i — > < 

I yo otherwise 

One then has Tr[ = tt\ o nat in the following diagram: 

A 

X - > k(Y) 

nah 

k(X) 




2) Let XI = X* - {x } and 



proj : pack(X*) — > pack(X{) 



One can define the mapping tt' 2 from pack(Xi) to MQSym as follows: a word w G pack(Xl) is associated 
to the finite matrix M w of size l(w) x sup(w), where the j column is if w[j] = X)~. This matrix is 
packed. One has: tt' 2 (w) — FBm w - 
One then has 1:2 — ^2° proj in the following diagram: 

pack{X) > MQSym 




proj\ /tt 2 
pack(Xi) 

One denotes the matrix 1x2(1x1) = FB„/( w y 

Let A = k (y, yo) ® MQSym. This is an extension of MQSym that we use later on in this paper. 
Lemma 2.8 A mapping 

[i : pack(X) — > A 

w 1 — > iv 1 (w) ® 7T 2 (w) , (13) 

is an injective morphism. 
Proof. 

Let u and v! two words in WMat. Suppose that fi(u) = n(u'). One has: 

J m(u) = 7Tl(w') 

\tt 2 (u) = n 2 (u') 

From the first equation, it follows that the sets of positions of xq in the two words are the same and 
the two words have the same length. From the second equation, it follows that u[i] = u[i'], \/i such that 
u[i] xq and u'[i] 7^ xq. One then has u — u', i.e the mapping [i is injective. 
Let u and v two packed words. 
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One has 

TT 1 ( U *v) = Kl{uT sup(u) {v)) =7ri(tt)7ri(T aup(lt )(u)) = 7Tl (u)7Ti (v) , 

and 

tt 2 (m*w) = 7r 2 (uT sup(u) (w)) = FB^ 2{uTsup{u)(v)) = FB /, \ = FB ^{u) FB K_(-") = ^2(u)n 2 (v) .. 

One then conclude that ^ is a morphism. □ 

From this lemma, one can identify the algebra WMat with 7m(/i). The elements of Im{fj) have the form: 
u®v satisfying u\ v — #{column of v}. The algebra WMat can thus be shown to be a subalgebra of A. 



2.3 WMat is a free algebra 

WMat is a vector space with basis pack(X). In order to check that WMat is a free algebra, it is sufficient 
to show that pack(X) is a free monoid on its letters. In the following diagram, a free monoid is a pair 
(F(X),j x ) where F(X) is a monoid, j x ■ X -)• F(X) is a mapping such that (VM £ Mon) (V/ : X ->• M) 
(3!/jc € M r(F(X),Af)) / = f x oj x . 



Set 



Monoids 




Here we will use an "internal" characterization of free monoids in terms of irreducible elements. 

Definition 2.9 A packed word w in pack(X) is called an irreducible word if and only if it can not be 
written under the form w — u * v where u and v are two non trivial packed words. 

Example 2.10 The word X\X\X\ is an irreducible word. The word x\X\Xi is a reducible word because it 
can be written as x\X\Xi = X\X\ * x\. 

Lemma 2.11 Let w be a packed word in pack(X), then w can be written uniquely as w = V\ * v-i * • • • *v n 
where Vi, 1 < i < n, are non-trivial irreducible words. 

Proof. A word w can be separated as w = u * v if and only if sup(u) — inf(v) — 1 or sup(v) = 0. 
The i th position of word w is called an admissible cut if sup(w[l ■■•*]) = inf(w[i + 1 . . . \w\]) — 1 or 
sup{w[i + 1 . . . |w|]) = 0. 

Because the length of word is finite, one can get w — v\ * t>2 * . . . v n , with n maximal and Vi non trivial, 
VI < i < n. 

One assumes that one word can be written in two ways 

W = V\ * V2 * . . . v n (14) 

and 

w = v' 1 *v' 2 * ... v' m . (15) 

Denoting by k the first number such that Vk ^ v' k , without loss of generality, one can suppose that 
\vk\ < \vi\. From equation (fT4^1 . the k th position is an admissible cut of w. From equation (|15p . the k th 
position is not an admissible cut of w. One thus has a contradiction. One has n = m and Uj = v\ for all 
\<%<n. □ 

One can thus conclude that pack(X) is free as monoid on its letters. 
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3 Bialgebra structure 

Let us give the definition of the coproduct and prove that the coassociativity property holds. 



i if Xi g A, 
if Xi e A 



Definition 3.1 Let A C X, one defines w/A — S$ A (w) with </>a(*) 
Let w/u — w/Alph{u). 

Definition 3.2 The coproduct ofH is given by 

A M = pack(w[I])®pack(w[J]/w[I}) ,Vw €H , (16) 

I+J=[l...\w\] 

where this sum runs over all partitions of [1 . . . \w\] divided into two blocks, JU J = [1 . . . \w\] and Id J = 0. 
Example 3.3 One has: 

A' (xiXiXi) = 3xi ® Xq + ix\ ® xo . 
A (x 1X2) = 1x\ ® X\ . 

bl{x\X-zX\) — X\ ® X\Xq + X\ ® x\ + X\ ® XqXi + X\X2 ® Xq + x\ ® X\ + X2X1 ® Xq . 

Let us now prove the coassociativity. 

Lemma 3.4 Let w G X* be a word and let the subset I C [1 . . . \u\] and the subset I\ C [1 . . . \I\]. Let (f>j 
be the unique strictly increasing map from LAlph(w[L]) to 1 Alph{pack{w[L])) . One then has 

pack(w[r])[h] = S+ivjft]) , (17) 

where I[ is (jyj 1 ^^. 
Proof. 

Let J= [h,...,i n ], and/! = \ji,...,j k ] C [l...|/|]. Then I{ = \j[,...,j' k ] = [<T Hji), • • • , ^{jk)]- 
One has: 

pack(w[I])[h] = w h . . . w jk . (18) 

On the other hand, one also has: 

S^(w[l[]) = w Mfi) . ..w Hfk) = w M4>J x {ji)) . ..% jWF iy/)) = w h . ..w jk . (19) 

Using (HHJ) and ^ leads to ([T7|. □ 

Lemma 3.5 Let w G X* be a word and <f> be a strictly increasing map from LAlph(w) to N. One then 
has: 

1) 

pack(S <t,{w)) = pack{w) . (20) 

2) 

s*r/*») = s * {wi) /s,( W2 ) ■ (2i) 

Proof. 

1) One has 

pack(S ( p(w)) = S^iS^w)) = S^o^iw), 

where <fio is the packing map which is given in Definition 12.11 
Note that both (j) and <po are strictly increasing maps. 



G 



Denote I = IAlph(w) = {31,32, ■ ■ ■ ,jk}, h < h < < 3k, the image set (f)(1) = {ft, ft = <f>(ji),i = 
1 • • • k} one has j[ < j 2 < •• ■ < ft- From the definition of 4>o, one has: 0o(ii) — i — 4>o(ji)- This leads to: 

S*j> o<t>(w) = S<f, (w) =pack(w). (22) 

2) Let J 2 = Alph(w 2 ) and = AZp/i^^i)). 

Let us rewrite the two sides of equation (j2"Tj) . the left hand side (LHS) and the right hand side (RHS): 

LHS = SV<(SV/ 2 ( w i)) = ^o^ 2 K), (23) 

RHS = S^,(S^( Wl )) = S^o^wx) .. (24) 
With Xi € Alph(wi), one has two cases: 

1. If Xi € I2, then 4>i 2 (i) — and (f) o 0/ 2 (i) = because is a strictly increasing map. 
On the other hand, 4>(i) € an( i this implies 0/^ o (j>(i) = cj>j^((j)(i)) = 0. 

2. If ^ ^2, then (j)i 2 (i) = z and cj) <Ai 2 W = </>(')• 

On the other hand, because ^ is a strictly increasing map, then <j)(i) j£ I' 2 , and 4>j^ o <j)(i) = </>(i). 

One thus has <fi o 4>i 2 (i) = <fij^ o (f>(i). Using this result and the two equations above (|2"3")l and (|2"4")1 . we 
conclude the proof. □ 

Lemma 3.6 Let w be a word in %, and I, J,K be three disjoint subsets of {1 . . . \w\}. One then has: 

w[K] I 

I w l I ) w[K] I / r\ 
/ w[I] 

Proof. 

Using Lemma |3.5[ one has: 

»[K] / 

= s,Mm) /s H(w[K]) = s^( wlK] / w[ j]) = s^AHm = s^AMK}) = w[K] / w[I+J] . 

I w[I] 

(26) 
□ 

Proposition 3.7 The vector space 1-L endowed with the coproduct (|16l) is coassociative. Moreover, let 
the counit e £ H* such that: 

1 ifw = 
otherwise. 



e(w) 



Then (H,A,e) is a coassociative coalgebra with counit (c-AAU). 
Proof. 

Let us first prove the coassociativity of the coproduct (fTB"]) . namely 



(A ® Id) o A(w) = (Id <g> A) o A(w) . (27) 
The LHS of the coassociativity condition (|2T|) can be written: 



(A®Jd)°A(«;)= E l^(P^(«W)[^])®l^( pa< * (,olJ]lJ!,]) / 1 »ck(t [/][/ 1 ])) 

/+./=[i...|«.|] \/i+/ 2 =[i...|/|] 

®pacfcr[ J V tu [/])= E ( E P«cfc(5 ( W [/(]))®pacfc( s ^"^])/ s ^ (u[/;]) )) ®pacfc(" W / u[/] ) 
X+J=[1...|uj|] \j(+i 2 =j / 

pacfc( M [/{])®pa C fcr[ 72 Vu[/;])«.pacfcr[ J V M [/ 1+ / 2 ]) . (28) 
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The RHS of the coassociativity condition (|27l) can be written as: 



(Id <g> A) o A(w) = Y pack(u[I])®l pack{pack{ w ^ / w[I] ))[.h]) 

I+J=[\...\w\] \Ji+J 2 =[X...\J\] 

®pacfer cfe (""' 7] /»m)M/ pac)t( „ [J]/tt[j])[Ji] )))= y P«*(«[i])®( E p«cfc("t^] /«[/]) 

/+j=[i...M] \./;+^=j 
®pacfe(5 (" [4l /« m / u[J , ]/u[j] ))) = £ pacfc(t*[J]) ® [ ]T 1*"*C W1 /»[*]) 

I+J=[l...\w\] \,J[+J^=J 

®pack(^/ U[i+j , ] ))= Y pacA:( U [/])®pacA : ("[ j ;Vu[/])®pacA : r^Vu [J+j;] ) (29) 

I+J[+J' 2 =\l...\w\] 

Using the two equation (j28t and (l29|) . one can conclude that the coproduct (fl6|) is coassociative. 
Let us now prove the following 

(e®Id)oA(w) = (M0e)oA(w), (30) 

for all word u> eW. 

Let us rewrite the LHS and RHS of the equation (f30|) . 



LiTS = (e ® Jd) Y pack(w[I]) <g> pacfc(w[J] /to[i]) 
\/+j=[i...M] 

= E] e(pacfe(w[/])) ® pack(w[J]/w[I]) = lx* ®pack(w) = pack(w) . (31) 

I+J=[l...\w\] 

RHS = (Id® e) Y P ack {w[I])®pack(w[J]/w [I] ) 

\I+J=[l...\w\] 

= Y^ pack(w[I}) <S> e(pack(w[J]/w[I])) = pack(w) <E)lx* — pack(w) . (32) 

I+J=[l...\w\] 

One thus concludes that (H, A, e) is a coalgebra. □ 
Remark 3 This coalgebra is not cocommutative. let u — x\X2X2- One then has: 

t o A'(u) = t(x\ ® x\X\ + 2x\ <g> xiXq + 2x\X2 ® x$ + x\X\ ® x\) 

— X\X\ (g> X\ + 2x\Xo <S> X\ + 2xq (g> X\X2 + X\ ® X\X\ ^ A'(m). 

Lemma 3.8 let u, v be two words. let I± + J± = [1 . . . \u\] and I2 + J2 — [M + 1. . . \u\ + \v\]. One then 
has 

packr v[Jl+J2] / wv [i 1+ i 2 ]) = P ackC^/ u[h] ) *pack( v W/ v[I , ] ) , (33) 
where I' 2 is the set {k — \u\, k g I2} and J 2 is the set {k — \u\, k £ 12}- 

Proof. 
One has: 

packr^ h+J ^ I U , v[h+I 

2 ]) = P ac k(S<t> Il+ i 2 (u * v[Ji + J 2 ])) = pack(S c f >Ii+l2 (uT SMp („)(v)[Ji + J 2 ])) 
=pack(S 4>Ii+<i>l2 (u[J 1 }T sup{u) (v)[J2})) = pack(S 4 , Ii S^ l2 (u[J l ]T sup{u) (v[J'2]))) 
=pack(S 4>Ii {u[Ji])S^(T aup{u) (v[J2]))) = pac±( u[Jl] / u[Il] )T sup{ulJl]/u[ii]) pack(S^^ (v[J' 2 \)) 
=pack(( u ^/ u[Il] )*packC^/ u[l2] ) . (34) 

□ 
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Proposition 3.9 Let u,v be two words in H. One has: 

A(u*v) = A(u)*® 2 A(v) .. 

Proof. 
One has: 



A(u *v)= Y (P ack ( u * v ^ + J 2])) ® (pacH {u * vlJl+J2] /(u*vli 1+ i 2 ])) 



h+h=i 

J!+J 2 = J 

Ji,JiC[l...|u|] 
/2,J2C[|u|+l...|u|+|t;|; 



Y (pack{u[h])® P ack{ u ^/ u[Il] )) * (pack{v[h]) ® pack{ u ^ / u[I , ] )) 



Ji + Ji = [l...|u|] 
I' 2 + J' 2 = [l...\v\. 



Y pack(u[h})®pack{ u ^/ u[h] ) * Y pack{v[I 2 ])®pack{ u ^/ 

v Ji+Ji = [l...|u|] / \l 2 +J> 2 = [l...\v\] 

=A(«) *® 2 A{v) . 



Since W is graded by the word's length, one has the following theorem: 

Theorem 3.10 (H, A) is a Hopf algebra. 

Proof. 

The proof follows from the above results. 

As already announced above, we call this Hopf algebra WMat (word-matroid). 
The antipode is given by the formula: 

S(w) = -w- Y S{pack{w[I]))pack{ w ^/ w[I] ) . 

I+J=[l...\w\],I,.l^$ 

4 Primitive elements of WMat 

Lemma 4.1 Prim(WMat) is a subalgebra o/WMat, graded by the word's length: 

Prim(WMat)„ = Prim(WMat) n WMat„ . 
Proof. Let p e Prim(WMat). Since WMat is graded, one can write 

P = Y Pl ' 

i>l 

where \pi \ = i. 
One has: 



\i>l J \i>l J *>1 *>1 

= Y (P» ® 1 + 1 ® P») ' P e Prim(WMat) . 



i>l 

On the other hand, one has: 



A(p) = £A(pO . 



i>l 



From the two equations above, one has: 

A(pi) = p 1 ® 1 + 1 ®pi . (42) 

Finally, one has pi G Prim(WMat) and this leads to the conclusion. □ 

Let Prim(WMat) n be the subalgebra generated by primitive elements with length n. One can see an 
element P of this subalgebra as a polynomial of packed words with length n: 

P= ( p Hw. (43) 

iuGWMat„ 

One has the following standard result: 

Lemma 4.2 Let u, v two primitive elements. The element [u, v] = u * v — v * u is also primitive. 

The words xq and x\ are primitive elements. From Lemma 14.21 the element p\ = [xq, Xi] = xqXi — x\Xo 
is also a primitive element. 

One can then define the general element in Prim(WMat) n+ i by the following recursion: p n — [xo,p n ], 
for all ft > 1. 

Lemma 4.3 One has: p n ^ 0, Vn > 1. 

Proof. One can prove by recursion the explicit formula for the element p n . Let 

P(n) : Pn = EM)" (fj x%- k x lX k , for all n > 2 . 

fc=0 ^ ' 

Indeed, with n = 2, one has: 

P2 = [xo,Pi] = [x Ql x xi - XiX ] = x 2 xi - 2x xix + Xl x\. 
Suppose that P(n) holds, one can check P(n + 1): 

Pn+1 = [ Xo , Pn ] = [x ,^(-i) fc (f) xr fe x!x§] = ^(-i) fc (j) x^+^x* - 5>i) fc ' " ^ - ' 
+ E(-i) fe ( (l) + ( k n _ ,)) xr^xixg + (-lr^xr 1 

k I n + 1 \ n+1— fc 



XlXg 

fe=l 

n+1 

/ . i / // • I \ 

Xq X\Xq . 



= £(-i)" 



fc 



This completes the proof. □ 
From Lemma l4~2l it follows that p n is primitive for all n > 1. One then has dim(Prim(WMat)„) > 1. 



5 Hilbert series of the Hopf algebra WMat 

In this section, we compute the number of packed words with length n and supremum k. It is the same 
as the number of ordered partitions of an n-element set. Using the formula of Stirling numbers of the 
second kind, one can get the explicit formula for the number of packed words with length n, number 
which we denote by d n . 

Definition 5.1 The Stirling numbers of the second kind count the number of set partitions of an n- 
element set into precisely k parts. The Stirling numbers, denoted by S(n, k) are given by the recursive 
definition: 

1. S{n,n) = l(n > 0), 

2. S{n,0) = 0(n > 0), 
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3. S{n + 1, k) = S(n, k - 1) + kS(n, k), forO<k<n. 

One can define a word by its positions, that means if a word w = x^Xi 2 ...Xi n has length n and 
IAlph(w) = {1, 2, . . . , fc}, then this word can be determine from the list [Si, S2, ■ • ■ , Sk], where the Si's 
is a partition of {1, 2, . . . , n}, and 1% is the set of positions of Xi in the word w, with 1 < i < k. 
One can divide the set of packed words with length n and supremum k in two part: "pure" packed 
words (which have no x$ in their alphabet), denote pack^ S (X) and packed words which have Xq in their 
alphabet, denote pack® k (X). It is clear that: 



d(n,k) = #pack+ k (X) + #pack° >k {X) . 

Let us now compute the cardinal of these two sets pack^ k (X) and pack^ k {X). 

Consider a word w € pack! k (X), then I Alph(w) — {1,2, ... ,k}. This word is determined by [Si, S%, 

in which Si is a set of positions of Xi, for 1 < i < k. One can see that: 

1. Si ? 0, 

2. Ui<i< k Si = {1,2,..., n}. 

Thus, one has the cardinal of packed words with length n and supremum k: 

d + (n,k) = #pack+ k (X) = S{n,k)k! . 



(44) 
• • 7 Sk], 



(45) 



Similarly, a word w £ #pack^ k (X) can be determined by [So, Si, S2, ■ ■ ■ , Sk] where Si is the set of 
positions of Xi, for all < i < k. One then has: 

d°(n, k) = #pack° n k (X) = S{n, k + l)(fc + 1)! . (46) 

From the two equations above, one can get the number of packed word with length n, supremum k: 

d(n, k) = d+(n, k) + d°(n, k) = S(n, k)k\ + S(n, k + l)(fc + 1)! . (47) 

From this formula, using Maple, one can get some values of d(n, k). We give in the following table the 
first values. 





k 







1 


2 


3 


4 


5 


6 


7 


8 







1 




























1 


1 


1 

























2 


1 


3 


2 






















3 


1 


7 


12 


6 

















n 


4 


1 


15 


50 


60 


24 
















5 


1 


31 


180 


390 


360 


120 













6 


1 


63 


602 


2100 


3360 


2520 


720 










7 


1 


127 


1932 


10206 


25200 


31920 


20160 


5040 







8 


1 


255 


6050 


46620 


166824 


317520 


332640 


181440 


40320 



Table 1: Values of d(n,k) given by the explicit formula (l47l) and computed with Maple. 



The formula of d n , n > 1 is then given by 

n n n n 

(note that S(n, 0) = S(n, n + 1) = 0) . (48) 
Using again Maple, one can get the following table: 



fc=o fc=o 
'l if n = 0, 

2£fe=i S(n,k)k\ if n > 1 
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1 


2 


3 


4 


5 


6 


7 


8 


9 


10 




1 


2 


6 


26 


150 


1082 


9366 


94586 


1091670 


14174522 


204495126 



Table 2: Some value of by the formula f|48|) . 



Recall that one has: 

oo oo n k 

e y(e*-i )= J2J2S(n,k)^L.. (49) 

fc— n— k 

From equations (J45j) and ([49]) . one has: 

oo oo n k 

fc— n—k 

Partially derivating equation with respect to y, one has: 

oo oo n — \ 

(e x _ 1)e «(e--l) = £ £ <?(„, . (51) 

k—1 n—k 

From equations ((46)) and (I5T1) . one has: 

OO OO n 

(e*-l)e^>=E E ^'^ff ( 52 ) 

fc=l n=k+l 

One can thus find the number of packed words with length n and supremum k as the coefficient of degree 
(n,s) in the Taylor series of the function e ye +x ~v . 

We have defined here a new non-commutative and non-cocommutative bialgebra on certain words, based 
on the selection/quotient principle. The next step would be to find a polynomial realization of it. 
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